In this article, two novel numerical methods have been developed for simulating fluid/porous particle interactions in three-dimensional (3D) Stokes flow. The Brinkman-Debye-Bueche model is adopted for the fluid flow inside the porous particle, being coupled with the Stokes equations for the fluid flow outside the particle. The rotating motion of a porous ball and the interaction of two porous balls in bounded shear flows have been studied by these two new methods. The numerical results show that the porous particle permeability has a strong effect on the interaction of two porous balls.
particle surface since the Darcy's law is a first-order equation and Stokes equations, which govern the flow outside the porous particles, are of second order.
In order to solve the limitation on porous surface, Brinkman [4, 5] and Debue-Bueche [8] included the velocity gradient, which is not present in Darcy's equation, and introduced the so-called Brinkman-Debye-Bueche (BDB) model. Since then, many theoretical studies have been focused on flow past rigid porous bodies, including [2, 6, 13, 18, 19, 26, 31] for single particle flow, and [21, 22, 29] for flow past two porous particles. It is important to understand the rheology of the suspension of porous particles in fluid flow, one major application being that porous particles can be used as carriers for drug delivery as, e.g., in [24, 30] . In [18] , Masoud, Stone and Shelley studied numerically the influence of the permeability on the rotation rate of a porous ellipsoid in simple shear flows at the Stokes regime, based on the Brinkman-Debye-Bueche model, by a domain integral technique. Their ellipsoid is rotating with a fixed mass center at the middle of the computational domain. In [15] , Li, Ye and Liu used the volume-averaged macroscopic momentum equations to formulate the flow field inside and outside the moving porous particle. They studied the effect of the fluid inertia on the rotational behavior of a circular porous particle suspended in a two-dimensional simple shear flow by using a lattice Boltzmann method to solve the macroscopic momentum equations.
In this article, the Brinkman-Debye-Bueche model is adopted for the fluid flow inside the porous particle and then coupled with the Stokes equations for the fluid flow outside the particle. Unlike the cases considered in [18] , the motion of neutrally buoyant particles is governed by the Euler-Newton equations. We have developed two novel numerical methods to solve numerically the fully coupled particle/fluid flow system in three dimensions under creeping flow conditions. The first numerical method is for studying the stationary rotation behavior of a porous ball with different permeability in a bounded shear flow. Instead of solving numerically the fluid flow velocity field/pressure coupled with the particle translation and rotation velocities all together, which is more complicated, we have been able to consider the steady state solution of the dynamic model problem for a porous ball freely suspended in the middle between two moving walls. Via the approach of finding the steady state solution, we have decoupled the fluid flow velocity field/pressure from the particle translation and rotation velocities. At each time step, we have thus solved the fluid flow governed by the Stokes equations over the entire domain by a classical Uzawa's preconditioned conjugate gradient algorithm (as discussed in, e.g., [11] ) with fixed uniform meshes (so a fast linear solver can be used) and then updated the particle translation and rotation velocities by the hydrodynamic forces and torques from the newly obtained velocity field. But for simulating the interaction of two porous balls in a bounded shear flow, which has not been seen in literature to the best of our knowledge, we have developed the second numerical methods to handle the free motion of particles in fluid flow by following an approach similar to the one for the case of one particle. There are rooms for further improvements and works of these two methodologies developed in the article, such as (1) the adaptive strategies can be used in the region next to the boundary of the particle to obtain better approximation of the velocity and hydrodynamic forces and torques (but the fast solver used for solving the linear systems has to be replaced by other kinds (see Remarks 3.1 and 3.2) and (2) the convergence analysis of the two numerical methodologies are absent. Numerical results show that, due to the permeability, two porous balls interact in bounded shear flows in a way quite different from that of two non-porous and rigid balls.
The outline of this article is as follows: In Section 2, we provide the system of equations modeling the fluid/porous particle interaction. Next, in Section 3 we describe our numerical methods and present the results of the numerical simulation of the motion of one and then two porous balls in a bounded shear flow.
Governing Equations
Without loss of generality, let us consider a neutrally buoyant and permeable ball B moving in a bounded shear flow shown in Figure 1 where Ω ⊂ R is a rectangular parallelepiped filled with a Newtonian vis- cous incompressible fluid. The flow governing equations outside the particle B(t) are the following Stokes equations:
where u is the flow velocity, p is the pressure, ν is the fluid viscosity coefficient, Γ is the union of the bottom boundary Γ and top boundary Γ as in Figure 1 , n is the unit normal vector pointing outward to the flow region, the boundary conditions being g = {−U, , } t on Γ and g = {U, , } t on Γ for a bounded shear flow. We assume also that the flow is periodic in the x -and x -directions with periods L and L , respectively.
According to the BDB model (e.g., see [18] ), the fluid flow inside the porous particle is governed by the equations
where k is the Darcy permeability and u p is the velocity of the particle skeleton. The BDB and Stokes equations are coupled through the continuity of velocity and traction forces at the particle surface. The aforementioned governing equations for the fluid flow inside and outside of the porous particle have been considered in [18] for investigating the rotational speed of a porous particle of prolate ellipsoid shape in simple shear flows. The motion of a neutrally buoyant ball satisfies the Euler-Newton equations
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where G = {G , G , G } t is the mass center of the porous particle, M p is the particle mass, I p is the inertia tensor, V is the velocity of the mass center and ω is the particle angular velocity. The motion u p of the porous particle skeleton is given by
For the hydrodynamical force and its resulting torque acting on the porous ball in (2.2) and (2.3), we have
where n = {n , n , n } t is the unit normal vector pointing outward to the flow region.
The variational formulation for a porous particle freely moving in a Newtonian fluid under the creeping flow conditions is as follows: 
We have also modified formulation (2.5)-(2.10) for simulating one ball freely rotating and suspended initially at the middle between two moving walls in a bounded shear flow. To obtain the equilibrium rotational speed of such a porous ball, we consider the following time dependent Stokes flow problem:
In equation (2.16), u is the initial value of the velocity field u.
Numerical Methods and Results
In this section, we like to present two novel numerical methods for simulating the motion of porous balls in bounded shear flows based on the coupled models discussed in Section 2. For the case of a single porous ball freely rotating and suspended initially at the middle between two moving walls, its mass center remains there. Its rotating speed with respect to the vorticity direction is a constant. To catch such a motion, we have to reach the steady state solution of equations (2.11)-(2.17); this can be done numerically. Similarly, to simulate the interaction of two porous balls in a bounded shear flow, we have to solve (2.5)-(2.10) numerically. Therefore we have developed in this section two different algorithms for simulating these two kinds of fluid/porous particle interaction. In this section, we assume that all dimensional quantities are in the CGS units.
Motion of a Single Porous Ball

Description of the First Numerical Method
For the space discretization, we have used P -iso-P and P finite elements for the velocity field and pressure, respectively (for details, e.g., see [11, Chapter 5] and [3] ). More precisely, h being the space discretization mesh size, we introduce a uniform tetrahedrization T h and a twice coarser tetrahedrization T h of Ω. We approximate (H (Ω)) , W , L(Ω) and L (Ω) by the following finite-dimensional spaces:
with periods L and L , respectively},
respectively; above, P is the space of polynomials in three variables of degree at most . To simulate the motion of a single porous particle in a bounded shear flow, we look for a steady state of the rotation velocity field of the porous ball. To reach this steady state, we prefer working with formulation (2.11)-(2.17). Let ∆t be a time step and t n = n∆t. The algorithm for solving the fully discrete analogue of system (2.11)-(2.17) with the backward Euler method reads as follows (after dropping some of subscripts h):
For n ≥ , u n , u n p , V n , G n and ω n being known, we solve the following sub-problems:
• Step 1. We compute u n+ and p n+ via the solution of
Step 2. Update the particle velocities and predict its mass center position
and then set
where B n+ is the new solid volume occupied by the porous ball centered at G n+ .
Remark 3.1. When solving equations (3.1)-(3.2), instead of having u n+ on the right-hand side of (3.1), we have used u n there so that a fast solver (FISHAPK by Adams, Swarztrauber and Sweet [1] ) can be applied to solve the linear systems at each iteration of an Uzawa/preconditioned conjugate gradient algorithm operating in the space L h (as discussed in, e.g., [11] ). For the cases of a single porous ball suspended in a bounded shear flow, we want to obtain an equilibrium state, which is a spherical porous particle rotating at a constant speed at the middle between two moving planes. The stopping criterion for the steady state is set to be ∆t
where CRIT is the tolerance. The values of the discrete time derivative of the rotating velocity for the results presented in Section 3.1.2 are much smaller than CRIT when the stopping criterion for the velocity field is satisfied. The numerical results obtained in Section 3.1.2 have been obtained with the in-house codes based on the aforementioned Uzawa/preconditioned conjugate gradient algorithm and CRIT = − . The number of time steps to reach steady state is less than 1,000 for the cases considered in Section 3.1.2. 
where χ B n is the characteristic function of the solid volume occupied by the ball centered at G n , i.e.,
Then we have applied the trapezoidal rule on each tetrahedron in the tetrahedrization T h . To obtain the hydrodynamical forces and their resulting torques in equations (3.4) and (3.5), we have applied similar approaches.
Remark 3.3. For a rigid ball of radius a, the mass and inertia tensor are
where ρ s is the particle density. For a porous particle of the porosityP , we assume that the rigid skeleton is uniformly distributed over the entire volume of the porous ball so that its mass and inertia tensor are
where ρ f is the fluid density. But for the neutrally buoyant ball considered in this article, the mass and inertia are the same as those of the rigid one since ρ s = ρ f .
Numerical Results
We have considered the cases of one porous ball freely rotating and suspended initially at the middle between two moving walls as in Figure 1 . The computational domain is Ω = (− , ) × (− . , . ) × (− , ). The radius of the ball is a = . , 0.15, or 0.2 and the initial position of the ball mass center is at ( , , ). The densities of the ball and fluid are both 1 and the fluid viscosity is also 1, thus the ball is neutrally buoyant. The values of the permeability k of the porous ball considered here are 0.05, 0.01, 0.005, 0.0025, 0.001, 0.0005 and 0.00025. The shear rate for the shear flow isγ = . The space mesh size for the velocity field is h = , the time step being ∆t = − . The rotating speed of a rigid ball in an unbounded shear flow is −γ according to the Jeffery's solution [14] . For different values of the permeability and the radius of the ball, the rotating speed of a porous rigid ball in a bounded shear flow is in a good agreement with the Jeffery's solution as shown in Tables 1, 2 The same conclusion has been obtained for the rotating speed of a porous ellipsoid in shear flows reported in [18] . But even if the rotating velocity inside the particle is the same as the rigid body motion, the fluid flow inside the porous ball does depend on the permeability. In Figures 2 and 3 , the projection of the velocity field on the x x -plane clearly indicates that the fluid motion is close to the rigid body motion only for much smaller value of the permeability (e.g., k = .
and 0.00025). For the higher value of the permeability (e.g., k = . and 0.01), the fluid just goes through the particle directly.
Motion of Two Porous Balls
In this subsection we will consider numerical simulation of the interaction of two porous balls in a bounded shear flow. Due to that fact that these two porous balls can move freely between the two moving walls, we will employ (2.5)-(2.10) for simulating the dynamics of the two porous ball interaction. 
Description of the Second Numerical Method
The space-time discretization of (2.5)-(2.10) is presented in the following (again, after dropping some of subscripts h):
Algorithm. For n ≥ , u n , V n i , G n i and ω n i , i = , , being known (then B n i , i = , , are known), we solve the following sub-problems:
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• Step 2. Update the particle mass centers:
To solve problem (3.8)-(3.12), we consider it as a discrete analog of the following coupled system steady state problem:
Problem. For a.e. t > , find u(t) ∈ (H (Ω)) , u = g on Γ,
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In system (3.14)-(3.18), we have
where the mass center G n i is fixed, V ,i and ω ,i are given for i = , . Thus the region B n occupied by ball is fixed.
Combining the finite element approximations used in Section 3.1 with the backward Euler scheme, we obtain the following discrete analogue of (3.14)-(3.18).
Algorithm. Let u
p,i , i = , being known, we solve the following sub-problems: • Step 1. We compute u (m+ ) and p (m+ ) via the solution of
• Step 2. Update the values and set
22)
I p,i ω (m+ ) i − ω ,i = ν∆t k B n i → G n i x × (u (m+ ) − u (m) p,i ) dx, i = , ,(3.u (m+ ) p,i = V (m+ ) i + ω (m+ ) i × → G n i x for all x ∈ B i , i = , .(3.
25)
Remark 3.4. We have, again, used u (m) on the right-hand side of equation (3.19 ) so that a fast solver can be applied at each iteration when solving system (3.19)-(3.25) by an Uzawa/preconditioned conjugate gradient algorithm operating in the space L h as discussed in, e.g., [11] . For the cases of two porous balls suspended in a bounded shear flow, where we are looking for a steady state solution, we stopped algorithm (3.19)-(3.25) as soon as
where CRIT is the tolerance. The numerical results obtained in Section 3.2.2 have been obtained with CRIT = − . Concerning the convergence of the translation and rotating velocities in equations (3.22) and (3.23), the absolute changes of the two consecutive values are both much less than CRIT = − when the stopping criterion for the velocity field is satisfied. The number of iterations for having steady state is reduced quickly to less than 60 after the first of 100 to 300 time steps for the cases presented in Section 3.2.2.
Remark 3.5. For the two ball interaction in a bounded shear flow, there is no lubrication force between the two balls under creeping flow conditions. Therefore, we are not allowed to apply an artificial repulsive force to prevent ball overlapping in numerical simulation since such force might alter the trajectories of the two ball mass centers. To deal with the interaction during the two ball interaction, we have to impose a minimal gap of size ch between the balls where c is some constant between 0 and 1, h being the mesh size of the velocity field. Then, when advancing the two ball mass centers in equation (3.13), we proceed as follows at each sub-cycling time step: (i) we do nothing if the gap between the two balls at the new position is greater or equal than ch, (ii) if the gap size of the two balls at the new position is less than ch, we do not advance the balls directly; but instead we first move the ball centers in the direction perpendicularly to the line joining the previous centers, and then move them in the direction parallel to the line joining the previous centers, and make sure that the gap size is no less than ch.
Numerical Results
We have considered the cases of two porous balls freely suspended initially on the x x -plane as in Figure 4 . The computational domain is Ω = (− . , . ) × (− . , . ) × (− , ). The two ball radii are a = . . The initial position of the two ball mass centers are at (− . , , ∆s) and ( . , , −∆s) for a given vertical displacement ∆s > (see Figure 4) . The values of the vertical displacement are D = ∆s/ a = . , 0.194, 0.255, 0.316, 0.38, 0.5, 0.8, 1.0 and 1.255. The densities of the ball and fluid are both 1 and the fluid viscosity is also 1. Thus the balls are neutrally buoyant. The values of the permeability k of the porous ball are 0.05, 0.01, 0.005, 0.0025, 0.001, 0.0005 and 0.00025. The shear rate for the shear flow is 1. The space mesh size for the velocity field is h = . The time step is ∆t = .
for k = . , . , . , . , . , and 0.0005 and ∆t = .
for k = .
. In the Stokes regime, the interaction of the two non-porous and rigid balls in simple shear flows has been well studied (see, e.g., [32] ). Zurita-Gotor, Blawzdziewicz and Wajnryb obtained that, depending of their vertical initial height ∆s, the balls pass over/under each other or rotate around the midpoint of their mass centers if they are located as in Figure 4 initially. The first kind is called the non-swapping of the trajectories of the two ball mass centers, i.e., the higher one takes over the lower one and then both return to their initial heights while moving in a bounded shear flow. The second kind is called the swapping of the trajectories, i.e., they come close to each other and to the mid-plane between the two horizontal walls, then the balls move away from each other and from the above mid-plane. For those wondering about the influence of porosity on the ball interaction, let us mention the following: For the higher values of the permeability (e.g., k = . , . , . and 0.0025), the two porous balls pass over/under each other for the vertical displacements as in Figure 5 . Also for the cases of smaller values of k in Figure 6 , the two porous balls still have non-swapping trajectories for most values of the vertical displacement.
For these non-swapping between two porous balls, the two balls first come toward to each other, then almost touch each other and rotate with respect to the midpoint between two ball mass centers, and finally separate (see Figure 7 for the details). Thus, the interaction of the two non-swapping porous balls is quite different from the one between two non-porous and rigid balls as reported in [32] . When viewing the vector field in Figures 2 and 3 , it is not surprising to see that the streamlines go through the porous ball, which explain why we have obtained such kind of non-swapping trajectories for the two porous balls. But for the lower permeability cases, the swapping between two porous balls are obtained for smaller values of the vertical displacement (e.g., ∆s/ a = . for k = . and 0.005 and ∆s/ a = . and 0.184 for k = .
). For understanding the suspension of porous particles, it is worth to investigate the interaction of two porous balls under different conditions, such as two different ball sizes or two balls with different permeability. We will work more on the interaction of two porous balls in the near future. Figure 7 . The snapshots of the particle position for the permeability k = . and D = ∆s/ a = . at t = , 15, 19, 21, 25, 28, 29, 30, 33, 35, 37, 38, 39, 41, 45, 52 and 60 (from top to bottom and left to right).
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